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Abstract

We continue the study initiated in Albiac and Wojtaszczyk (2006) of properties related to greedy
bases in the case when the constants involved are sharp, i.e., in the case when they are equal to 1. Our
main goal here is to provide an example of a Banach space with a basis that satisfies Property (A) but
fails to be 1-suppression unconditional, thus settling Problem 4.4 from Albiac and Ansorena (2017). In
particular, our construction demonstrates that bases with Property (A) need not be 1-greedy even with the
additional assumption that they are unconditional and symmetric. We also exhibit a finite-dimensional
counterpart of this example, and show that, at least in the finite-dimensional setting, Property (A) does not
pass to the dual. As a by-product of our arguments, we prove that a symmetric basis is unconditional
if and only if it is total, thus generalizing the well-known result that symmetric Schauder bases are
unconditional.
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1. Introduction

The roots of this paper lie in the analysis of the optimality of the thresholding greedy
algorithm relative to bases in Banach spaces. This optimality is reflected in the sharpness of the
constants that appear in the definitions of the different types of greedy-like bases. What justifies
studying the “isometric” case in general is the fact that various approximation algorithms
converge trivially when some appropriate constant is 1. By contrast, when this constant is
strictly greater than 1, the problem of convergence can be very difficult to resolve. We mention
as an example the so-called X-greedy algorithm, whose convergence for the normalized Haar
basis of L,[0, 1] (whose unconditional constant is strictly greater than (1) is still an open
problem. The reader is referred to [8,12] for details and recent developments on this matter.

For the sake of self-reference we next outline the most relevant notions; the reader is referred
to [5], Section 10 or to the recent monograph [4] for more details.

Let B = (x,);2, be a family of vectors in a Banach space X over the field F = R or C.
Suppose that

(B.1) B is fundamental, i.e., the closure of the span of B is the whole space X,
(B.2) there is a (unique) family B* = (x)°2, in X* biorthogonal to B, and
(B.3) sup, {lx,l . |x;]} < oo.

Throughout this paper such a family B will be called a basis of X. Sequences B that satisfy
(B.1), (B.2), and are total, i.e., the span of B* is weak*-dense in X*, are called Markushevich
bases. Schauder bases are a particular case of Markushevich bases; however we emphasize that
we do not impose a priori totality to a basis unless we say otherwise.

A greedy ordering for a vector x € X with respect to a basis B is an injective map

p:N—>N

whose image contains the support of x,
supp(x) = {n € N:xJ(x) # 0},

and satisfies |x’;(i)(x)| > |x;(j)(x)| if i < j. If the sequence (x}i(x))2, contains several terms

with the same absolute value then x has multiple greedy orderings. To obtain uniqueness

we impose on p the extra assumption that if i < j, then either |x;([)(x)| > |x;(j)(x)| or
*

|x’;](i)(x)| = pr(j)(x)| and p(i) < p(j). We will refer to this ordering as the natural greedy
ordering for x. With this convention, the mth natural greedy approximation to x is given by

Gn(x) =D x5 @)Xy, meN, (L.1)
j=1
where p is the natural greedy ordering. The thresholding greedy algorithm, or TGA for short,
is the sequence of operators (G, ),._, given by the formula in (1.1).
In order to guarantee the reconstruction of “signals” in X, and thus make the TGA a
reasonable method of approximation, we impose the mild requirement that (G, (x))5._, converge
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to x for every x € X. Wojtaszczyk [13] (cf. [4, Theorem 4.1]) proved that this condition is
equivalent to the uniform boundedness of the (nonlinear and unbounded) operators G, i.e,

IGnI = Clixll, xeX, meN, 1.2)

for some constant C > 1. Following [10], we call such bases C-quasi-greedy.

To gauge the performance of the TGA it is convenient to compare the accuracy of the greedy
approximation with the best possible one. Given x € X and m € N we consider two different
theoretical approximation errors,

X — E o, Xy,

neA

om(x) = inf{

‘o, €F, |A|§m},

and
om(x) =inf {|lx — Sx(x)|| : |A] < m},

where S4(x) = ), 4 Xi(x)x, is the natural projection onto the linear span of {x,:n € A}.
Konyagin and Temlyakov [10] defined a basis to be greedy if G, (x) is essentially the best
m-term approximation to x using basis vectors, i.e., there exists a constant C > 1 such that

lx = Gn()ll < Com(x), xe€X, meN. (1.3)

The smallest constant C in (1.3) is the greedy constant of the basis and will be denoted by C,.
If C, < C, we say that B is C-greedy. Note that if C, = 1, then [lx — G, (x)|| = o, (x) for
all x € X and m € N, so the greedy algorithm gives the best m-term approximation for each
xeX

Konyagin and Temlyakov [10] showed that greedy bases can be intrinsically characterized
as unconditional bases with the additional property of being democratic, i.e., there exists a
constant A > 1 so that

1l < AllLgll.
whenever |A| = | B|. Here, as is customary, we use the notation
Ly =1A[B.X]=) x,.

neA

Vectors whose coefficients have modulus one are also relevant in greedy approximation.
Given € = (g,)pea iINE ={A € F: |A| = 1}, we set

]]-s,A - ﬂs,A[Bv X] - ZE" Xy

neA

Recall also that a basis (x,);2, is unconditional if for x € X, the series Zﬁl x;(i)(x)xﬂ(i)
converges to x for any permutation w of N. It is well known that the property of being
unconditional is equivalent to that of being suppression unconditional, which means that there
is a constant K > 1 such that

[Sa)I <K |lxll, ACN,|A| <oo, x e X. (1.4)

The smallest constant K in (1.4) is called the suppression unconditional constant of the
basis and is denoted by K. If (1.4) holds for a constant K we say that B is K-suppression

unconditional. If (x,);2, is unconditional then it is C-lattice unconditional, that is, there is a
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constant C > 1 so that

o0 o0
E b, x, E an Xy
n=1 n=1

We denote by K; the optimal constant C in (1.5).

Dilworth et al. [7] relaxed the condition defining greedy bases by comparing, for each x
and m, the error in the approximation of x by G, (x) with the best theoretical approximation
error from projections, ,,(x). They defined a basis to be C-almost greedy, 1 < C < oo, if

[ee]

=C » (an),Z; € coo, |bal < lanl. (1.5)

||)C - gm(x)” = Cgm(x)a X € X» m e N. (16)

Going back to the optimality issues that are our concern in this note, it is straightforward
to check that if B is an orthonormal basis of a Hilbert space then B is 1-greedy. However,
due to computational issues, the verification of condition (1.3) can be very hard even for well-
known bases in Banach spaces. Answering a question raised by Wojtaszczyk in [14], the authors
found in [6] the following characterization of 1-greedy bases in the spirit of the aforementioned
characterization of greedy bases by Konyagin and Temlyakov.

Theorem 1.1 ([6, Theorem 3.4]). A basis of a Banach space X is 1-greedy if and only if it is
1-suppression unconditional and satisfies Property (A).

Property (A) is a weak symmetry condition that was introduced in [6] and that was
generalized to the concept of symmetry for largest coefficients in [2], Definition 3.1. A basis
B is symmetric for largest coefficients if there is a constant C > 1 such that

[Lea + £ = C|Les + £ (1.7)

for all f € X with max, |xZ(f) < 1,all A, B C Nwith |A]| < |B]| <ocoand ANB =
A Nsupp(f) = B Nsupp(f) = @, and all ¢ € EAYZ If we can choose C = 1 in (1.7) we say
that B has Property (A).

The neat description of 1-greedy bases provided by Theorem 1.1 inspired further work in the
isometric theory of greedy bases which led to the following characterizations of 1-quasi-greedy
bases and 1-almost greedy bases precisely in terms of the same ingredients but in disjoint
occurrences.

Theorem 1.2 ([/, Theorem 2.1]). A basis of a Banach space is 1-quasi-greedy if and only if
it is 1-suppression unconditional.

Theorem 1.3 ([2, Theorem 2.3]). A basis of a Banach space is 1-almost greedy if and only if
it satisfies Property (A).

Since almost greedy bases are in particular quasi-greedy, one could expect that when the
almost greedy constant is sharp, the implication would still hold, i.e., that being 1-almost
greedy implies being 1-quasi-greedy. In light of Theorems 1.2 and 1.3, we arrive naturally
at the following question, which enquires about the overlapping of the two properties that
characterize 1-greedy bases.

Question 1.4. Does Property (A) imply unconditionality with K; = 1 (see [2, Problem 4.4])?
4



F. Albiac, J.L. Ansorena, O. Blasco et al. Journal of Approximation Theory 297 (2024) 105970

Theorem 1.2 is somewhat surprising since it connects nonlinear properties in approximation
theory in Banach spaces (quasi-greediness) with linear properties (such as unconditionality).
Besides, it exhibits how an isometric property could lead to an improvement of the qualitative
behaviour of a basis. It is therefore natural to ask whether this is also the case with almost
greedy bases.

Question 1.5. Is there a conditional basis with Property (A) (see [2], Problem 4.4)?

If we restrict our attention to unconditional bases, the study of the relation between Property
(A) and unconditionality reduces to the problem of determining whether Property (A) implies
some upper bound for the unconditionality constant of the basis.

Question 1.6. Does an unconditional basis with Property (A) always have Ky = 17

Observe that a negative answer to either Question 1.5 or 1.6 is also a negative answer to
Question 1.4. In this note, we answer Questions 1.4 and 1.6 negatively by renorming the space
£1 so that the standard unit vector basis still satisfies Property (A) and is unconditional with
K, > 1.

Theorem 1.7 (Main Theorem). There exists a basis B equivalent to the canonical basis of
£y which satisfies Property (A) but fails to be 1-suppression unconditional. Moreover, B is
1-symmetric and 1-bidemocratic.

We observe that in our context a C-symmetric basis, 1 < C < 0o, means a basis (x,)5,
such that

00 00
E a, X, E an X7(n)
n=1 n=1

for any sequence of scalars (a,)72, € coo and any permutation 7 of N. Recall that a basis is
said to be C-bidemocratic if

| 1e,alB, X1 || 15,808*, X*]|| < Cm

for all A, B C N with max{|A|,|B|} < m € N, all ¢ € E4, and all § € EZ. Note that
1-bidemocracy does not imply Property (A). Indeed, let w = (w,);2, be the weight defined by
Yo w, = «/m for all m € N. Then the canonical basis of the ¢,-direct sum of the Hilbert
space £, and the Lorentz sequence space dj(w) (which is the space ¢, up to renorming) is
clearly 1-bidemocratic but fails to have Property (A). In fact, [3, Proposition 3.17] provides
a more “extreme” example, namely, a 1-bidemocratic basis which is not quasi-greedy. By [4,
Corollary 5.8], this basis is symmetric with largest coefficients. By Theorem 1.3, no renorming
of X will confer Property (A) on this basis.
Combining Theorem 1.7 with Theorem 1.1 yields the following consequence.

<C

Corollary 1.8. A basis with Property (A) needs not be 1-greedy, and a 1-almost greedy basis
needs not be 1-quasi-greedy.

The paper is structured as follows. In Section 2, given a weight w we construct a space
D, that will play a central role in our subsequent arguments; we examine properties of these
spaces and their canonical bases. In Section 3 we use the spaces D, for appropriate w to
construct an example that proves Theorem 1.7. Specifically, we present a 1-symmetric distortion
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of the canonical ¢;-basis which has Property (A) but is not 1-suppression unconditional (see
Proposition 3.4). We also discuss the possible values of the suppression unconditionality
constant.

This construction is “rigid” in the sense that any l-symmetric basis which possesses
Property (A) while failing 1-suppression unconditionality must be equivalent to the £;-basis
(Proposition 3.7). Along the way we show that a symmetric basis is unconditional if and only
if it is total (Corollary 3.8).

Finally, in Section 4 we turn our attention to the finite-dimensional setting. Modifying our
approach from Section 3 we construct a basis in R? equipped with a certain norm which has
Property (A) but fails to be 1-suppression unconditional. We also provide an example evincing
that Property (A) does not dualize at least for bases in finite-dimensional spaces.

2. Building bases with property (A)

In this section we deal with Banach spaces X for which the unit vector system & = (e;)7Z,
of FY is a basis. This means that X C FY, coy is a dense subspace of X, the coordinate
functionals £* = (e})72,, defined for each j € N by €j(f) = a; for all f = ()72, € coo,

extend to continuous functionals on X, and

suptman (e . ..} < oc.
J

Given such a space X and A C N finite, the coordinate projection on A with respect to £ is
the extension to X of the map

Satcoo = coo,  f > f Xas
where x4 is the indicator function of A. Given ¢ € E4, we put
Lea=1.4l6,X], 17, =14l X"]

Given a € T, its sign will be the number sign(a) = a/ |a| € E, with the convention that
sign(0) = 1.

A weight will be a nonincreasing sequence w = (w j)j“’:1 of positive scalars with w; = 1.
We do not assume that lim; w; = 0. Quite the contrary, examples with

Woo == limw; > 0.
j

are essential to us. We shall use the notation

n
Sy = Z wj, n €N,
j=1
for the so-called primitive weight of w. Note that
S; i
w] S _{9 J € N’
J
. Sn
lim — = we,
non
and (s,/n);2, is nonincreasing.

Given E C N with |E| = n < oo, we denote by II(E) the set consisting of all bijections
from the set

N.,={j e N:j > n}
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onto N\ E. For f = (a )% € coo, we will use the following notation

P(E; f)=—

Jj€E
[o¢]

Py (E; f)= sup Z Ap(HWij |
OEII(E) |ty

DE; f)=DPi(E; f)+ Po(E; f),

with the conventions that sy = 0, so/0 = oo, that any sum over an empty set is null, and that
0- oo = 0. In particular, ®{(@; f) =0.
Now, given a weight w = (w;)32

1fllp.w = sup D(E; f).

|E|<oo

iop we define

We point out that, as far as the isomorphic theory is concerned, the way we combine ®; and
®, to obtain ¢ does not matter. However, using the £;-norm is essential from the isometric
point of view we will develop below.

Given a permutation w € II := II(¥) of N and f = (a;)% 21, We put fr = (a,,(_,-))‘]?o:l. If
f € co there is a unique nonincreasing sequence g such that g, = | f| for a suitable = € II.
We call g the nonincreasing rearrangement of f.

Let us consider the Marcinkiewicz norm associated with a weight w,

= d(E; — bi,
£l = sup 1(E: f)=sup j{j j

|E|<o0

and the Lorentz norm

o0
1flhw =D bjw;,
j=1
where (b;)7Z, is the nonincreasing rearrangement of f € ¢o. Notice that

1teal,w=1Teal, o =50 1Al=n<oo, & cE" (2.1)

The Banach space consisting of all f* € ¢ such that || f1|, ,, < oo will be denoted by d(w).
We start by recording some properties of |||/ -

Lemma 2.1. Let w be a weight.

O Nf+8lpw < fllpw+ lgllpy foral f, g € cop.
(ii)) IAfllpw = M1 fllpw for all A € F and f € cqp.
(iii) For all f € cq, all E C N finite, and all & € II,

P(E; fr) = R1(@(E); ), PaoE; fr) = Pao(m(E); ).

(iv) | fallpw = I fllp.w for all f € coo and all & € 1.
W If1f1 < g €coo then || fllpw < 18llpw-
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(vi) If f € coo is nonnegative and |E| = n then
o0
By(E; f) =) biwgin,
k=1

where (b; )?‘; | is the nonincreasing rearrangement of Sy\e(f).
(vii) If the sign of the components of f = (a j)(j?‘;l € cop Is constant on the complement of a

set E and F C N\ E is a greedy set of Sn\e(f) then
®(D; f)=®(EUF; [)
for every set E C D C N with |D| = |E| + |F]|.

(viii) If the sign of the components of f = (a j);?o:l is constant on the complement of a greedy
set E, then

®(D; f) = ®(E; f)

for every finite set D O E.
(ix) | fllp.w = I flly for all f € cop having constant sign.
() 1 F g < 1l pw < 1F 111 for all £ € coo.
(xi) |Leallpw = Sm for all A C N withm = |A| < oo and all € € EA.
(xii) If f € coo then

112 ,O] < 1 lpwm/sm

for all A C N withm = |A| < 0o and all ¢ € EA.
(xiii) |e;|, , = 1forall j €N

(xiv) [&(1)] = 1/ Ip.u for all j € N and f € con

Proof. (i), (ii), (iii), (v), and the left-side of (x) are clear; (iv) is a consequence of (iii), and
(vi) follows from the rearrangement inequality.

We prove (vii). Without loss of generality we assume that DN F = ¢J. Otherwise we would
replace E and F with E' = EU(DNF)and F' = F\(DNF). Then DNF' =@, EUF = E'UF’,
and F’ is a greedy set for Sy g/ (f).

Pick a bijection 0 : F — D\ E. Set n = |D|. Given ¢ € II(D), let ¢ :N., - N\ (EUF)
be the map defined by ¥(j) = o(¢(j)) if j € G := ¢~ '(F) and ¥ (j) = ¢(j) otherwise. Then
by the constant sign of the coefficients (a;);¢g, and by the greedy property of F, we have

laj — asj)l = laj| — las;)| whenever j € F. Therefore,
o0 o0
> agiwil=1{ Y ayiwi+ Y (A — dotiin) W
j=n+1 j=n+1 jeG
o0
= Z Ay (W +Z|aw<j>—aa<w<j>>|wj
j=n+1 jeG
ad S,
= Z ay(hHwj| + ;n Z |y = oy
j=n+1 jeG
ad S,
= Z ay(hHwj| + ;" (laj| = lasci|)
j=n+1 jeF

8
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o0
= Ay (HWj i Z|a,-|— Z |a,»|
> + =

j=n+1 jeF jeD\E

=| > aygyws| + BUEUF; f) — 1(D; f).

j=n+1

Since Y € II(E U F),
®2(D; f) = PAEUF; [+ PUEUF; f)— ®1(Ds f),

as desired.

Taking into consideration (vii), it suffices to prove (viii) in the case when D is a greedy set
of f. To that end, by induction it suffices to consider the case when D \ E is a singleton.
Let (b j)(j’.’;l be the nonincreasing rearrangement of f. If n = |E|, then (b, j)?"zl is the
nonincreasing rearrangement of Sy\g(f) and (b, j+1)?11 is the nonincreasing rearrangement
of Snp(f). By (v,

OE; f) = Zb + Z bjw;,

Jj=n+1
n+1

B(D; f) = S”“ Zb + > bjw,.

Jj=n+2

Since sp41/(n+1) —s,/n <0and b; > b,y forall j =1,...,n,

®(D; ) — B(E; f) = ( R )Zb +bn+1< wn+1>

Sn+1 Sn Sn+1
<b, -= )+ — Wyy1 | =0.
= +1<”<n+1 n) nt 1 +1)

(ix) follows from the combination of (vi) and (viii). In turn, the right-hand side inequality
in (x) is a consequence of combining (v) and (ix). In light of (2.1), (xi) is consequence of (x).
Since the mere definition of the norm gives

|11 ADO| =Wl f € coo. |Al =m,

(xii) also follows from (x). Finally, (xiii) is a particular case of (xi), while (xiv) is a particular
case of (xii). [l

S 77'[

Combining Lemma 2.1(i), (ii), (xi) and (xiv) gives that (cgo, |||l p.,,) is a normed space, and
the unit vector system is a basis of its completion.

Definition 2.2. We define D, as the sequence space we obtain by completing (coo, |-l p.w)-
Given f = (a;)7Z; € coo, put

E;={jeN:|aj| = fll}
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Lemma 2.3. Let w be a weight and f = (a, | € coo. Then
I fllpw= sup PiUE; [)+ PauAE; f).

EchcN
|E|<oo

Proof. Without loss of generality we assume that || f||,, = 1. It suffices to prove that if E C N
satisfies n = |E| < oo and k € Ef \ E, then
®(E; [)+ PaE; ) < PI(E UKL )+ P2E U Lk} ). (2.2)

To that end, we pick ¢ € II(E). Let p € N, be such that ¢(p) = k. Let ¢ € II(E U {k}) be
the map given by

. o(j) if j # p,
v =17 L
on+1) if j =p.
We have
Z Ap(HWwj — Z ay(pwi| = [Wat1 = wp)dgiuiy + Wpdg(p | < Wapt — W), + w,,
j=n+1 j=n+2
= Wn+1-
Hence,
Py (E; f) < Po(E UK} f) + wagr (2.3)

In turn, since the map

Sn+1 Sn
U+ 14+u)——u, u=0,
+1 n
is nonincreasing, and S = ZjeE |aj| < n, we have
P(EU); [)—Pi(E; )= AR (1+S)——S> n+ (1+ )——n—wn+1 2.4)

Combining (2.3) and (2.4) gives us (2.2). [l

Proposition 2.4. Given a weight w, the unit vector system of Dy, has Property (A) and is
1-bidemocratic.

Proof. The isometric bidemocracy follows from Lemma 2.1(xi) and (xii). To obtain Property
(A), combine Lemma 2.3 with Lemma 2.1(iii). [

In order to compute the norm of specific vectors in D, it will be convenient to use the
following improvement of Lemma 2.3.

Lemma 2.5. Let w be a weight and f = (aj 2| € coo. Then

Ifllpw= sup  D(E; f)+ PaE; f).
E y CECsupp(f)

Proof. It suffices to prove that the inequality

P (E; )+ Po(E; f) = Pu(E Nk} )+ P2(E N\ {k}; ).
10
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holds for all E C N with n := |E| < oo and all k € E \ supp(f). To that end, pick ¢ € II(E),
and let Y € II(E \ {k}) be the map given by

. k if j =n,
¥(j) = e
o(j) ifj>=n+1.
Since a; =0,
o0 o0
Z Ap(Hwj = Zax/fmwj-
j=n+1 j=n

Hence, ®,(E; f) < ®,(E \ {k}; f). Since ®((E; f) < ®(E \ {k}; f), we are done. []

3. The suppression unconditionality constant of bases with property (A)

Given a weight w, we denote by K, the suppression unconditionality constant of the unit
vector system of the Banach space D, constructed in Section 2. The following lemma will
become instrumental in obtaining a uniform bound for K,,.

Lemma 3.1. Let w be a weight, f € coo, and A C N. Then:

(i) Woo | NIy < ®1(F; f) for some F C N finite, and

(ii) ®2(E; Sa(f)) < PoUE; f) + Woo [|Sac ()l for every E C N finite.
Proof. To prove (i) we choose F = supp(f) and set n = |F|. Then

Sn
®(F; )= " IFl = wallflly = weo £l -
To see (ii) we pick ¢ € II(E). Let us put n = |E|,

B=¢ '(supp(f)NA), and D = ¢ '(supp(f)\ A).

If go’l(supp(f)) =@, i.e., supp(f) C E, then ®,(E; S4(f)) = 0 and there is nothing to prove.
Assume that ¢~ (supp(f)) # @; we can then let ny = max ¢~ (supp(f)) and m € N.,,. Select
a set D; C N.,, such that |D| = |D| and a bijection  : N., — N, such that 7(D) = Dy,
w(Dy) = D, and n(j) = j for j ¢ D U D;. Consider now 0 = ¢ oxw. Since D; C N.,, and
o(D1) = supp(f) \ A,

o0 o0
D aypxale(w; — Y asuws| =Y aupw;— D aoyw;
j=n+1 j=n+l1 JjEB jeDiUB
=D ayw;
J€D;
< Wy [[Sac(Hl 1.

11
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Applying the triangle law and letting m tend to infinity we obtain

D7 aggyxale(w;| < Ba(Es f)+ woo [Sac(Hl; -
j=n+1

and so (ii) holds. [
Proposition 3.2. Let w be a weight. Then K, < 2. Moreover, if wo, = 0 then K,, = 1.

Proof. Pick f € copo and A C N. Let F be as in Lemma 3.1(i) relative to the vector Sc(f).
Given E C N finite, Lemma 3.1(ii) yields

P(E; Sa(f) < @1(E; Sa(f) + Po(E; [) + weo [Sac ()l
< P(E; Sa(f) + PoAE; )+ Pi1(F; Sac(f))
S ®(E; )+ PE; )+ Pu(F; f)
< ®(E; )+ ®(F; ).
Moreover, if wo, = 0 the term ®(F, f) can be dropped. [

Before proceeding further we make a stop en route to give a nice equivalent norm on D,,.

Proposition 3.3. If w is a weight then D,, = d\(w). Quantitatively,

1 fllpw = 1flhw=Clflpw. [ € coo.

where C =4 if F =R and C = 8 if F = C. Further, in the case when wy = 0, we can take
C=2ifF=Rand C =4 ifF =C.

Proof. Let T =2 if F=Rand ¥ =4 if F =C. Also, let K =1 if woo =0 and K = 2 if
Woo > 0. The left-hand side inequality follows from Lemma 2.1(x). To see the right-hand side
inequality, pick f € cop. By Lemma 2.1(ix),
1w = 5Oy + 1O+ 137D + 157,
= [ D pu + 19D p o+ 137D w + 137D
<KTflpw- U
In light of Proposition 3.2, in order to find bases that are not 1-suppression unconditional
despite having Property (A), we must focus on the case where wy, > 0. In this situation, by

Proposition 3.3, D, = dj(w) = £; up to an equivalent norm. We could have come to this
conclusion without invoking this result. Indeed,

Woo [ fIli = 1 fllmw < Wfllpw = 1F I w = 11

for all f € coo. These estimates for ||-||p ,, yield that the unconditionality constant of the unit
vector system of D,, does not exceed 1/w. Hence, by Proposition 3.2,

1
K, <min {2, —}

oo

Theorem 1.7 will follow once we show that K, > 1 for a suitable weight w.

Proposition 3.4. For each K < 3/2 there exists a weight w so that K, > K.
12
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Proof. Fix w € (0, 1) and consider the weight
w=(,0,w,...).

We shall estimate K, by comparing the norms of the vectors
fro=¢€ +wly,, and g,,=¢€ +owl,y, —owlp,

where A, =NN[2,n+ 1] and B, = NN [n+2,2n + 1]. By Lemma 2.1(ix),
| foolp=1+no

By Lemma 2.5 to evaluate ||gn,w || we need only consider the case {1} C E C {l}U A, U B,.
We have

(1 4+ wn — a — b))?
P nw;E -
18003 E) Mt 1l—a—b

where a = |A,\ E| and b = |B, \ E|. Hence, for a + b fixed, the maximum value of
®(g,.,; E) is attained when a attains its minimum value. Therefore, combining Lemma 2.3
with Lemma 2.1(iii) gives

. ®3(gnw; E) = la — bl o?,

”g”r“)HD,w = Ssup (P(gn,w; Ek)v
0<k=<2n

where E; = [1,k + 1] N N. Moreover, if a; and b, are the integers a and b above defined
that correspond to the set £ = Ey, then aqy = n —k and by = n forall k =0, ..., n. By
Lemma 2.1(viii),

”gn,wHD w sup (}(gn,w; Ek) = sup ot(a), k)!

’ 0<k<n 0<k<n
where
1+ wt)?
a(w, 1) = I+ o) + ?
t+1

The expression

a(w,t) =

1— 2
ﬂ—l—Za)zt—i—Zw—wz
141t

shows that the function a(w, -) is convex hence the maximum value of a(w, ), 0 <t <n, is
attained either at the endpoint ¢+ = 0 or the endpoint # = n. Therefore,

(1 4+ nw)? 2

”gn,wHDszmaX{l,T—i-na) .

From here it follows that

| fowlpw .
Ky > 6(n, w) = ———— = min{B(n, w), y(n, o)},
lgn0llp
where
1 4 nw?
nw? + (1 +nw)?/(n+ 1)
For n fixed, the function B(n, w), 0 < w < 1, increases from 1 to 1 4+ n while the function
y(n,w), 0 < w < 1, decreases from n + 1 to (1 4+ n)/(1 + 2n). Hence, 6(n, w) attains its
maximum value at the only point w = w, € (0, 1) that satisfies

B(n,w)=1+nw*, yn, o) =

Bn, w) =y, w).
13
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We infer that w, is the positive root of the second order polynomial w + (21 + 1)&? 42w —1,
that is,

—14++2n+2 1
w, = = .
2n +1 14+/2n4+2

Summing up, the weight w = (1, w,, @,, ...) satisfies

Ky>K, =1+no?=1+(1-2w,)

n
2n+1
As (w,);2, decreases from w; = 1/3 to zero, (K,);2, increases from K; = 10/9 to 3/2. [

Remark 3.5. Once we know there is a Banach space X with a basis B = (x,);2, having
Property (A) and K; > 1, one can ask whether this inequality will be fulfilled by vectors with
small support. It is easy to check that if g € X is supported on a set of cardinality at most
2, then ||S4(g)|l < |lg|| for any set A. This is so because if g = ax; + bx, with k # n and
|a| < |b|, then due to Property (A), ||g|l = ||—axi + bx,||. Hence, by the triangle law,

gl = Nbxnll = Dl llxnll = lal llxill = llaxi]l .

In contrast, one can witness the inequality K; > 1 on vectors supported on three elements.
In fact, the proof of Proposition 3.4 gives ¢ € Dy and A C N with |supp(g)] = 3 and
1Sa(@)Ill / llgll = 10/9. We do not know whether this is optimal. However, it is so if we restrict
ourselves to D,, spaces, and their elements g = g, = e; +ae; —aes;, 0 < a < 1. Indeed,
setting f, = €| + a e;, we can show that the maximum value of the ratio || fullp 4 / 1184l p.w
when a runs over (0, 1) and w runs over all possible weights is 10/9, and its attained when
a=1/3and w=(1,1/3,1/3,1/3,...).

The example used to prove Proposition 3.4 is “tight” in the sense that 1-symmetric
Markushevich bases which are not equivalent to the standard ¢;-basis are 1-suppression
unconditional. Proposition 3.7 substantiates this assertion. Before stating it, we alert the reader
that in spite of the fact that symmetric Schauder bases are always unconditional (see, e.g.,
[11, Section 3.a]), there exist symmetric bases that are not unconditional (see Example 3.9). A
standard argument permits to obtain that a symmetric basis is C-symmetric for some C > 1
(see, e.g., [5, Proof of Lemma 9.2.2]), whence it is 1-symmetric under a suitable renorming
of the space. We also deduce that any symmetric basis is seminormalized. Since symmetry
dualizes well, any symmetric basis satisfies (B.3). Another important property of symmetric
bases that still holds in our more general framework is the boundedness of the averaging
projections (see, e.g., [11, Proposition 3.a.4]).

Lemma 3.6. Suppose B = (x,)°2, is a 1-symmetric basis of a Banach space X. If B is not
unconditional then for every § > 0 there are . € E and m € N such that

1a 1p
ILall lI1gl
for any disjoint sets A, B C N of finite cardinality of at least m.

N(A, B, ) ==

‘ <$é 3.

Proof. Fix 0 < ¢ < 1/2 so that 2¢/(1 — ¢) < §. By the lack of unconditionality there are
finitely disjointly supported vectors f and g such that || f|| = 1, || f + gll < ¢. Let « and B

14
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be the signs of the sums of the coefficients of f and g, respectively. Pick A D Ay := supp(f)
and B D By := supp(g) disjoint and set

Jo=Ave(f, A)ls, go= Ave(g, B)lp.

Since the averaging projections are contractive [11, Proposition 3.a.4], || f + goll < € and
Il fo + goll < e. The former inequality implies 1 — & < ||gol| < 1 + & while the latter implies
that 1 —2¢ < || foll < 1 4 2¢. The identity

aly n Bls  fo 8o ligoll — Il foll Jo+ 8o
= = 0
ITall - Il 1 foll  llgoll Il foll llgoll lgoll
yields the inequality
14 1p Lllgoll = Il foll | I fo+ goll
'a B H =< I foll + ———
[Tall I1gll Il foll lIgoll llgoll
_ 2lfo+ ol - 2e <.
llgoll l—e¢

so that A and B satisfy (3.1) with A = —a’l,B. Since the basis is 1-symmetric, N(A, B, 1)
only depends on |A|, |B|, and A provided that A and B are disjoint. Hence (3.1) still holds for
A and B disjoint subsets of N of finite cardinality of at least m := max{|Ag|, |Bol}. U

Proposition 3.7. Suppose B = (x,);2, is a 1-symmetric total basis in a Banach space X
which fails to be 1-suppression unconditional. Then B is equivalent to the canonical £,-basis.

Proof. Suppose B is a 1-symmetric basis which is not 1-suppression unconditional. Note
first that B cannot be weakly null. Indeed, suppose it were. As B fails to be 1-suppression
unconditional, we can find finitely disjointly supported vectors x and y such that [x| >
lx + yll. For each p € N, let y, be the pth right-shift of y, i.e.,

o0
Yp = ZxZ()’)xnﬂJ-

n=1

Since y, is weakly null, lim,(x + y,) = x weakly. Therefore,
x|l < limsup |[x + y,||.
P
For p large enough x and y, are disjointly supported, whence, by symmetry, [|x + y|| =
||x + ¥ || Summing up, we obtain

lxll < llx + vl

a contradiction.
Thus, there exist a subsequence By = (x,,)2, of B, a linear functional x* € X* with
lx*|| =1, and @ > O such that

RO*(x,,) >, i €N

Then for any sequence (a;);2, of nonnegative scalars, we have

iaix,,i >N <x* (i a,»x,,,.)> >« iai. 3.2)
i=1 i=1 i=1

15
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By way of contradiction, assume that B is not an unconditional basis. Pick (8;)72, in (0, 00)
with Z,fil 8¢ < 0o. For each k € N, let m; = m(8;) € N and A, = A(5;) € E be the numbers
provided by Lemma 3.6. Set mp = 1 and pick a sequence (Ay);2, consisting of pairwise
disjoint subsets of N with max{my, my_1} < |Ax| < oo. We then have

L4, — A 1Ak+1
2l I ac

It follows that the sequence ()2, defined by

(HA) Ia e,

is Cauchy and does not converge to zero. Since limy x(h;) = O for all n € N, B is not a total
basis. This contradiction shows that 5 is unconditional. Therefore, by (3.2), B, is equivalent
to the canonical £;-basis. Since unconditional symmetric bases are subsymmetric (see [I1,
Proposition 3.a.3]), B is also equivalent to the canonical £-basis. [J

<6, keN.

We rely on our analysis of symmetric bases (not necessarily Schauder) to generalize the
aforementioned classical result that symmetric Schauder bases are unconditional.

Corollary 3.8. Given a symmetric basis B of a Banach space X, the following are equivalent

(i) B is an unconditional basis.
(ii) B is bidemocratic.
(iii) B is super-democratic.
(iv) B is unconditional for constant coefficients.
(v) B is a Markushevich basis.

Proof. Using [11, Proposition 3.a.6], (i) implies (ii). By [4, Section 5], (ii) implies (iii), and
(iii) implies (iv). To establish (iv) = (i), suppose (i) fails. By renorming, we can assume that
B is 1-symmetric. Given § > 0, use Lemma 3.6 to pick A € E, and A and B disjoint subsets
of N with |A| = |B| < oo and N(A, B, A) < §. Since, by 1-symmetry, ||[L14] = ||1z],

T4 —ALpll <8 1Tall-

Therefore, (iv) is false as well.
Clearly, (i) implies (v). Finally, if (v) holds, by Proposition 3.7, B is either 1-suppression
unconditional or equivalent to the unit vector system of £;. In both cases (i) holds. O

Example 3.9. Here we provide an example of a 1-symmetric basis which is not unconditional
(hence not total, by Corollary 3.8).
Let w = (w,);2, be a weight. For f = (a,);2, € coo, put

[0¢]
1f1l = ®2(8; ) = sup | Y ap;yw; |- (3.3)
pell =1
Clearly, ||-|| is a semi-norm that satisfies max{||%(/)|, |S(HII} < | f|l for all f € coo.

Moreover, if f = (a j);'; , is real-valued,

I fII = max {@(f), ¥(—f)},
16
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where

U(f) = biw;—we Y bj,
n=1 n=1

and (bf)?‘;l and (b;)?‘; | denote the nonincreasing rearrangements of f* and f~, respectively.
Then,
O(f) =Y (b} + b)) (w; — wee) = U(f)+ U(—f) < 21|l
j=1
This way, if w is not constant,

e 2
Iamlfberbffl ) < Ifll, meN.
— Weo 1 —wy

e o -
As a consequence, even if f = (a;)7Z, is not real-valued,

anl = m(.f ) <2 7l men. (3.4)
— Weo sign(a,,) 1 —wy
We deduce that ||| is a norm on coy whose completion is a Banach space, say X, for which
the unit vector system (which we denote by (e j)?;l = &) is 1-symmetric. From the definition
of || - || we see that |e,| = 1 for all m, while (3.4) shows that the biorthogonal functionals
satisfy [le}, || < 2/(1 — w).

If wee =0,

1 1
S e = 50 == 11w

for all real-valued f € cop. This gives us a renorming of d .
Let us show that if wo, > 0, £ is not unconditional for constant coefficients (UCC for
short). Let (s,);2, be the primitive weight of w. Set ¢ = ((—1)")32, and, for each m € N,

A, ={j € N:j <2m}. If £ were UCC, then there would be a constant C € [1, co) such that

Som = H]lAm ” <C ||:H‘5~Am = C(Sy — MWso).

Hence, if we set t, = s,/n for all n € N,
2t2m = C(tm - woo)y m € N.
Since lim,, t,, = W, we reach the absurdity 2w, < 0.

The study of the lattice-unconditional constants of bases with Property (A) is also of
interest. Any 1-greedy basis is 1-suppression unconditional, hence 2-lattice unconditional for
real Banach spaces. Conversely, [9, Theorem 4.1] shows that the constant 2 is optimal, i.e.,
there is a 1-greedy basis which is not C-lattice-unconditional for any C < 2. The basis
constructed in the proof of Proposition 3.4 is 2-suppression unconditional by Proposition 3.3,
hence 4-unconditional.

On the other hand, taking w = (1, w,, w,, ...) and comparing the norms in D, := D,, of
& =€ +wy(ly, —1p,) and h, = e; + w,(14, + 135,), where w,, A, and B, are as in the
proof of Proposition 3.4, we see that the lattice unconditionality constant of the unit vector
system of D, is at least

”hn”D,w

2 2n _
2wl =14 (1= 20) " — 2"
g0l pw

2n + 1 noco
17
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Therefore, for every s < 2 there exists a sufficiently large n such that the lattice unconditionality
constant of the canonical basis of D, is greater than s. We do not know whether 2 or the upper
estimate for the lattice unconditionality constant we have achieved (that is, 4) is closer to its
actual value.

Question 3.10. Does an unconditional basis with Property (A) always have K; < 2? Does it
have K; < 22 Does it have K; < D for some universal constant D?

4. Remarks on property (A) in the finite-dimensional case

Property (A), like any other greedy-like property for that matter, can be defined for bases
in finite dimensional spaces with the obvious adjustments.

If a basis has Property (A), then any (finite or infinite) subbasis inherits this feature.
However, unlike other greedy-like properties, Property (A) does not pass to direct sums even
when the fundamental functions of the summands are the same. Therefore, it is by no means
clear how an infinite basis with Property (A) can be constructed from finite bases with Property
(A). In this regard, it is worth mentioning that we can infer finite dimensional results from the
infinite dimensional ones.

Proposition 4.1. For eachd € N, d > 2, there is a d-dimensional Banach space with a basis
that satisfies Property (A) and has suppression unconditionality constant K; > 10/9.
Proof. For d > 3 we consider R? with the norm

Ixlly = 1Ja@)py, x€RY,

where w = (1, 1/3,1/3,...) and J;: R — ¢ is the natural embedding. In this situation, by
Lemma 2.5,

d n+2 < 1 d
“(aj)j:l ||d = max  — Z |a,,(,)| + 3 Z Az(H| ( »
j=1

Jj=n+1

where the maximum is taken over n = 1, ..., d and all permutations 7 of {1, ...,d}. The
proof of Proposition 3.4 shows that K; > 10/9.

When d = 2, Property (A) gives us no information (beyond normalization); hence we do
not expect to attain 1-suppression unconditionality. For example, fix « € (0, 1) and set

laie; + azex|| = max {« |a1|, o |az|, la; + azl}.

The unit ball of the resulting normed space is the 6-gon with vertices +(—a !, a™1), (1 —
a o™, and £(@ !, 1 —a~"). Then

le”'(er —e) =1, but fa"er]| =a",
so the suppression unconditionality constant is at least ¢ ~'. [

Finally, we show that in the finite-dimensional setting Property (A) does not pass to the dual
basis. We do not know whether this still holds in infinite-dimensional spaces.

Proposition 4.2. For d > 3 the space R? admits a norm ||| so that:
18
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(1) The unit vector system is £ = (ej)‘j:1 and its dual basis £* = (ej)‘]{:l are normalized
and 1-symmetric.

(2) The basis £ has Property (A).

(3) The dual basis £* fails Property (A).

In fact the proof shows that for A = {I,...,d — 1} there exist ¢, € E4 so that
[22al # 12541

Proof. For (a;)I_; € R we define

d d—1
. Az (d)
l@pisil =D aje;| = sup {|azq) + 3 ’ + D lar] ¢ “.1)
j=1 welly j=2
where II; denotes the set consisting of all permutations of {1, ..., d}. Clearly both £ and £*

are 1-symmetric. Moreover,

d
Su,P|aj|S Zajej SZ\‘H\’
J j=1 ;

QU

so the bases £ and £* are normalized. If some of the coefficients a; are equal to O then
H Z?zl aje; H = Z?:l |a j| and the basis £ has Property (A). We shall complete the proof
by showing that the functionals

d—1 d—1
k * k
—)¢ g=) ¢
i=2 j=1

satisfy ||h*|| < 1 < |g*|l. This will prove that the basis £* is not 1-superdemocratic and so
it fails Property (A). Here, a basis is said to be 1-superdemocratic if ” 17 4 ” = ” 135 ” for all
g,8 € E and for all A, B C N with |A| = |B]|.

To estimate the norm of 4*, note that

I Il = feR?,

where F consists of all functionals of the form

€ ) d-1 _ md—1
( eyt ) Zslen(])’ e=(¢;);o € B, m € Iy

Therefore, || f*|| < 1 for all f* € F. The identity

1 e d—1 e* d-2
* __ * d * * d * *
h =5 e1+?—Zej + —ed_l—?—i—el—Zej )
j=2 i=2

tells us that the functional ~2* belongs to the convex hull of F and so ||#*|| < 1. To estimate
the norm of g*, we test it on

d—1
g=2 ¢~ 7
j=1

19
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As g*(g) = d — 1, it suffices to prove that ||g|| < d — 1. Given & € II;, we compute the
number on the right side of (4.1) depending on whether 7 (d) = d or not. In the former case,
the computation gives

1 1
1—-- d—2)=d—-1-—,
5 +( ) G
while in the latter case it produces
1 1 1
1+ - d=3)+-=d—-1—-.
+3‘+( )+2 6

Thus ||gll =d —7/6 <d — 1 as desired. O
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